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ABSTRACT
RIBBONLENGTH OF TORUS KNOTS
by
© Brooke Ghiorso Kennedy 2007
Master of Science in Mathematics Education
California State University, Chico
Summer 2007
In this thesis I explore Kauffman’s model of flat, knotted ribbons, demonstrating that ribbon constructions of torus knots form regular polygons. By calculating the
length to width ratio, I bound the Ribbonlength of these knots. Specifically, I give evidence that the closed (q+1,q) torus knot (respectively, truncated) has Ribbonlength
(2q+1)cot(/(2q+1)) (resp., 2qcot(/(2q+1))). Also, that a (2q+2,q) torus knot has
Ribbonlength (2q+2)cot(/(2q+2)). I use these calculations and, relating them to
Kusner’s inequality,
length C(K), argue that

C(K)  R(K) 
 2/  and

C(K), for Ribbonlength R(K) and Crossing
 (5/3)cot(/5).
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CHAPTER I
INTRODUCTION
What is a Knot?
Knots have existed throughout time. In fact, it is nearly impossible to trace
history back to the discovery of the knot. However, in the late 1800s, “knot” became a
mathematical term. A mathematical knot is made from a string having the thickness of a
single point. It is looped and knotted about itself and must have its loose ends glued
together so that it is closed. This is done in such a way that the knot cannot be undone
unless the string is cut (Adams, 2004).
Early History of the Knot
In 1867, Lord Kelvin (William Thomson) introduced mathematical knots. He
believed that the universe was made of a substance called ether, and that atoms were
knots in the ether. Each unique knot would then be a unique atom. With this hypothesis in
mind, Scottish physicist Peter Guthrie Tait and American physicist C. N. Little began
cataloging knots in 1893 (Sossinsky, 2002). The idea was that if they could exhaust the
list of knots they would essentially have the table of elements. The advancement of knots
was slowed in 1887 when the Michelson-Morley experiment disproved the idea of ether
and thus Lord Kelvin’s knot-atom hypothesis. Though the physical application of knots
was thwarted by physicists’ studies, mathematicians continued to quietly investigate and
catalog knots for the next hundred years (Sossinsky, 2002).
1
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A Century of Work
Two mathematicians who continued the work on knots were J. W. Alexander
and G. Briggs (Adams, 2004). In 1927, they made the first connection between knots and
polynomials, by discovering what is now known as the Alexander polynomial (Adams,
2004). Another advancement of knot theory during this time was the work of Kurt
Reidemeister (as cited in Adams, 2004) who showed how to get from one projection of a
knot to another, a projection being a two-dimensional picture of a knot. In addition to
this, Reidemeister was also responsible for writing the first textbook on Knot Theory in
1932. Later, in the 1960s, John H. Conway (as cited in Adams, 2004) developed new
notation for classifying knots, which allowed him to add more than 500 knots to the
tables of Tait and Little (as cited in Adams, 2004). The classification of knots is so difficult that, even as late as 1974, a refinement to Little’s original list of knots was made by
Kenneth A. Perko, a lawyer and part-time mathematician (Adams, 2004).
Knots Find Their Application
With the advances of DNA research in the mid 1980s, a century after the
Michelson-Morley (as cited in Adams, 2004) experiment, knots once again became
applicable, now in biochemistry. It was found that the specific knotting of a DNA strand
helped show how an enzyme was acting on that strand (Adams, 2004). This information
is important in studying bacteria and viruses. At roughly the same time, synthetic chemists theorized that knotted molecules could be created where the knot type would determine the properties of the molecule. Since then, there have been other applications of
knot theory in both chemical and biological realms (Adams, 2004).
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Personal Significance
I was drawn to study knot theory as a result of my interest in its historical connection with the sciences. I believe that a major difference between science and mathematics is that scientists typically follow undiscovered pathways based on scientific need,
whereas mathematicians will search out new information regardless of direct application,
simply for the joy of discovering new mathematics. That mathematicians continued to
study knot theory and develop new math for a hundred years without a known purpose,
further highlights this fundamental difference. Those hundred years of work now seem
critical to our understanding of DNA. Imagine if mathematicians hadn’t known what they
did in the mid 1980s, would our understanding of DNA be as advanced as it is today?
Likely not. This relentless pursuit of knowledge, as well as the unique niche of knot
theory within mathematics, has made this an extremely fascinating topic of research. I
believe math offers a link between the already present universe and our understanding of
it, and contributing to this knowledge excites me.

The Problem
In this paper I investigated a very specific type of knot known as a torus knot,
whose string has been flattened into a ribbon. This ribbon is similar to the familiar ribbon
used in wrapping presents, described mathematically as “a space homeomorphic to a
rectangle or cylinder” (Kauffman, 2005, p. 1) (Fig. 1).
Specifically, I studied the regular polygons formed by these flattened, torus
knots and the minimum length of the ribbon compared to its width (Fig. 2).
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Fig. 1. A picture of a ribbon.
Though the application of these findings is unclear to me now, perhaps a hundred years from now it will find its use in an area that has yet to be discovered.

Fig. 2. A regular polygon formed by
tying a torus knot with ribbon.

CHAPTER II
TERMINOLOGY AND BACKGROUND
INFORMATION
In this chapter I provide the vocabulary needed to read this paper. For
instance, I will introduce the unknot and the trefoil knot. I will explain what a torus is and
how it relates to my research. In addition, I will explain why Knot Theory falls under
topology, as a study of mathematics.
The Unknot and the Trefoil
Remember, a knot is made from a string having the thickness of a single point.
It is looped and knotted about itself and must have its loose ends glued together so that it
is closed. A knot cannot be undone unless the string is cut.
The most basic of all knots is the trivial knot or the unknot. It is simply a
single closed loop which may look like a circle. The next most basic of the knots is the
trefoil (Fig. 3) (Adams, 2004).
How To Tell the Difference
A fundamental question in knot theory is, how does one know, for example,
that the trefoil and the unknot are not one and the same? The answer is that no manipulation of the trefoil will make it into the unknot, since cutting the string is not allowed; so
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the knots are truly distinct. However, manipulation is a broad term―what does this
mean? In the 1920s, the mathematician Kurt Reidemeister asked this very

Fig. 3. A picture of a trivial knot and a trefoil knot.
question (Sossinsky, 2002). In 1926, he proved that three fundamental moves can be used
to describe any possible manipulation of a string. These are called the “Reidemeister
Moves.” In order to understand these, it is useful to know that a crossing is where the
string passes over or under itself in a knot projection. The Reidemeister moves are (a) the
making or unmaking of a loop, (b) The undoing of a dual crossing, and (c) moving a third
strand from one side of a crossing to the other side of a crossing (Fig. 4) (Sossinsky,
2002).
In order to identify knots, carefully drawn diagrams and the ability to visualize things spatially are important. Because the uniqueness of a knot relies on its preservation under manipulation, Knot Theory falls under an area of mathematics known as
topology: “The study of the properties of geometric objects that are preserved under
deformations” (Adams, 2004, pp. 35-36).

7
The Torus and Torus Knots
There are many types of knots. In this thesis, I will be discussing torus knots.
A torus is the surface of a three-dimensional shape that looks like a doughnut. Torus
knots, then, are knots that can be drawn on the torus’s surface with no arcs crossing
(Fig. 5) (DeMaranville, 1999).

Fig. 4. The Reidemeister moves.
We describe torus knots by an ordered pair of relatively prime numbers, (p,q):
“p” is the number of meridional curves the knot has, that is, how many times the knot
travels the short way around the torus; “q” is the number of longitudinal curves (Fig. 6)
(Adams, 2004), or the number of times the knot travels the long way around the torus
(DeMaranville, 1999). In other words, p is the number of times the knot crosses a longitude and q is the number of times it crosses a meridian (Fig. 7) (Adams, 2004).
It is important to note that a (p,q) torus knot is equivalent to a (q,p) torus knot.
Adams(2004), showed topologically that one turns into the other. As a result, a (p,q) torus
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knot has one projection with p(q-1) crossings and another with q(p-1) crossings. In 1991,
Kunio Murasugi (as cited in Adams, 2004) proved that the crossing number, or the least
number of crossings that occurs in any projection, for a (p,q) torus knot is exactly equal
to the minimum of p(q-1), or q(p-1) (Adams, 2004). This thesis specifically looks at (p,q)
torus knots where p>q, therefore the crossing number, denoted C(K), will refer to
p(q-1).

Fig. 5. A picture of a torus and a torus knot.
Previous Research
This thesis is based on previous research of Louis H. Kauffman (2005) and
Laurie DeMaranville (1999). Kauffman (2005) illustrated how to fold a trefoil knot with
ribbon and then introduced an equation for the length of a ribbon in a trefoil knot. In
addition, he discusses the length-to-width ratio for knots tied with ribbon and offers an
inequality to bound this ratio. DeMaranville (1999), who received her M.S. from
California State University, Chico, for her master’s thesis titled “Construction of Polygons by Tying Knots with Ribbons,” was the main source of previous information. In her
thesis, she explored some of the regular polygons formed by tying torus knots with ribbon, as well as categorized the types of torus knots based on the polygon formed.
Another source that also proved helpful in the folding of ribbon knots was an article titled
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“Paper Folding for the Mathematics Class,” by D. A. Johnson (1957). In the article,
Johnson breaks down the construction for folding a pentagon and a heptagon using
ribbon.

Fig. 6. The longitude and
meridian of a torus.
Work by Kauffman
The main contribution of Kauffman (2005) to this thesis is the idea of
Ribbonlength. Ribbonlength is defined by Kauffman as “the minimal length to width
ratio for flat knots” (p. 13). Minimal refers to the minimum over all possible ways of
tying the knot. To introduce this topic, Kauffman (2005) first gives a brief explanation of
how to tie the trefoil knot (also known as a (3,2) torus knot) to make a regular pentagon
(Kauffman, 2005) (Fig. 8). In summary, Kauffman’s description is simply to tie a trefoil
knot, flatten it out, and, as you pull it tight, the regular pentagon will form. He states that
“It is intuitively clear that this pentagonal form of the trefoil knot uses the least length of
paper for a given width of paper (to make a flattened trefoil)” (pp. 5-6). He goes on to say
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that, at this time, there does not exist a proof that this form of the trefoil uses the minimum length of ribbon, but that his work gives a “quantitative” argument that it is.

Fig. 7. How to count longitudinal and meridional
curves of a torus knot. The trefoil is a (3,2) torus
knot.
After Kauffman (2005) illustrates the folding of the trefoil knot making a
regular pentagon, he then trims off the ends of the ribbon along the edges of the pentagon
and unfolds the knot to examine the length of ribbon. Trimming off the ends and leaving
the knot open is referred to as leaving the knot truncated (Fig. 9).
Using the values from Figure 9, Kauffman derives the following equations:

Equation 1

Equation 2
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Equation 3

The result conjectured by Kauffman is that the Ribbonlength (minimum length-to-width
ratio) for a truncated trefoil knot tied with ribbon is: L/w = 4/[√(5-2√5)] ≈ 5.505. This is
because the trefoil forms a regular pentagon and so

is the golden ratio. That is,

. Again, this is only a conjecture, since Kauffman did not
take the time to prove that the pentagonal form of the trefoil uses the minimum length of
ribbon for a given width.

Fig. 8. How a trefoil tied with
ribbon forms a regular pentagon.
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In addition, at the end of the paper, Kauffman (2005) discusses “the relationship between thickness [width] for flat knots and thickness [width] for knotted tubes”

Fig. 9. A trefoil tied with ribbon is truncated
and labeled.
(p. 13), flat knots meaning a knot tied with ribbon and knotted tubes meaning a knot tied
with rope. Kauffman (2005) reports that, in a private email conversation with R. Kusner,
Kusner conjectured an inequality that bounds the Ribbonlength in terms of the crossing
number. The crossing number for a knot (K) is the least number of times a knot crosses
itself in any projection of that knot, often denoted C(K). For example, we say a trefoil
knot is a three crossing knot because there exists a projection of it with three crossings,
and there are no projections with less than three crossings. Again, Ribbonlength(K),
refers to the minimal length to width ratios for a knot (K) tied with ribbon: L/w
(Kauffman, 2005). The inequality, as conjectured by Kusner, is
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Work by DeMaranville
When looking at polygons formed by folding torus knots with ribbon, it is
important to know what a knotted graph is and understand how it is made. This is
because a knotted graph allows one to take a diagram of a torus knot and convert it into a
diagram of that same knot tied with ribbon. It also determines the polygon formed by the
knot.
DeMaranville (1999) explains that a knotted graph is
A specific type of knot diagram that consists of only straight line segments.
[A knotted] graph consists of a set of points or vertices and a set of edges (line
segments) that connect those vertices. A knotted graph shows which edge is
on top. (p. 14)
For her notation, DeMaranville uses [n,k], where n and k are relatively prime, with k<n/2,
n representing the number of vertices on a circle, and k describing which vertices will be
connected. (Every kth vertex is connected as one moves around the circle.) DeMaranville
provides an example of turning a (7,2) torus knot into a [7,2] knotted graph, which she
then makes into the regular heptagon (Fig. 10).

Fig. 10. A (7,2) torus knot becomes a [7,2] knotted graph, which turns into a regular heptagon. Reprinted with permission. DeMaranville, L. (1999). Construction of
polygons by tying knots with ribbons. Unpublished master’s thesis. California State
University, Chico.
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In Figure 10, the first drawing illustrates the curve traveling 360˚, crossing the
longitude of the torus as it moves from one outside vertex to the next (DeMaranville,
1999). The second drawing shows that altering the size of the interior circle (the torus
hole) causes each of these curves to straighten into a line, forming a [7,2] knotted graph.
The third drawing demonstrates that by constructing line segments tangent to the outer
circle at each vertex, the folds of the ribbon are formed. The fourth drawing is the
heptagon created after the edges of the ribbon are drawn in. (Note: the knotted graph
becomes the centerline of the ribbon.)
DeMaranville (1999) goes on to prove that for any (p,q) torus knot, K where
p>2q and 1<q<p, K can be represented by a [p,q] knotted graph. Also, no knotted graph
with a smaller number of vertices can represent K. Since

,the (7,2) knot is an

example of this case (Fig.10).
But what happens when p < 2q? In her thesis, DeMaranville also proves that
for any (p,q) torus knot, K where p < 2q and 1<q<p, K is represented by a [n,q] knotted
graph where n=p+q. To illustrate this, she shows how to turn a (4,3) torus knot into a
[7,3] knotted graph.(Fig. 11). Note: Some vertices on the outer circle are shifted until
straight lines are formed. Then vertices on the inside circle are pulled to the outer circle
to form the rest of the straight lines.
DeMaranville (1999) constructs many regular polygons from her diagrams.
She found that (q+1,q) torus knots form regular polygons with 2q+1 sides. Also, (p,2)
torus knots, with p>5, become regular polygons with p sides, but the polygons have holes
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in the center. Torus knots of the form (2q+1,q), on the other hand, form “pinwheels” with
2q+1 wings (Fig. 12).

Fig. 11. A (4,3) torus knot becomes a [7,3] knotted graph, which turns into a regular
heptagon. Reprinted with permission. DeMaranville, L. (1999). Construction of polygons
by tying knots with ribbons. Unpublished master’s thesis. California State University,
Chico.
In addition to the knotted graph diagrams and the description of some polygons, DeMaranville (1999) gives equations for finding the width of the ribbon for [n,q]
knotted graphs where n > 2q. These equations are found using simple trigonometry and
are based on the diagram below (Fig. 13) (DeMaranville, 1999). DeMaranville deduces
that:
R = r sec (180˚/n)
a = r cos [180˚(q)/n]
d = R cos [180˚(q+1)/n]
w = 2(a-d)
Work by Johnson
In 1957, Donovan A. Johnson wrote a book for the National Council of
Teachers of Mathematics titled, “Paper Folding for the Mathematics Class.” In a brief
two-page chapter, “Polygons Constructed by Tying Paper Knots,” Johnson illustrates
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(4,3) torus knot

(7,2) torus knot

(5,2) torus knot

Fig. 12. A picture of some ribbon knots.
how to tie five different polygons using strips of paper. However, because geometry, not
knot theory, is the focus of his book, he does most of his constructions using “two long
strips of paper.” This, of course, does not translate into a knot, which, as discussed
before, requires a continuous piece of string, or, in this case, ribbon. But Johnson does
give a description for a pentagon and a heptagon using “one long strip of paper.” For the
pentagon, Johnson gives the following description (Fig 14):
Use a long strip of paper of constant width.… Tie an overhand knot like the
first knot in tying a shoe string. Tighten and crease flat. Cut the surplus
lengths. (p. 16)
For the heptagon, Johnson provides the following description (Fig 15):
Use a long strip of paper of constant width. Tie a knot like that for the pentagon above but before tightening, pass the lead strip under the knot and back
through the center. (p. 17)
It is important to note that Johnson’s original figure was actually incorrect, so
in order to do the constructions needed for this thesis, Johnson’s methods needed to be
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adapted. These adaptations were done by DeMaranville (1999) and are discussed in
Chapter 3.

Fig. 13. DeMaranville’s diagram. Reprinted with
permission. DeMaranville, L. (1999). Construction of
polygons by tying knots with ribbons. Unpublished
master’s thesis. California State University, Chico.
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Fig. 14. A knot that forms a regular pentagon.

Fig. 15. A knot that forms a regular heptagon.

CHAPTER III
THE PROBLEM
Focus of This Research
In this paper, I focus on families of (p,q) torus knots where p=q+1, p=2q+1,
p=2q+2, p=2q+4, and q=2. In other words, (q+1,q) torus knots, (2q+1,q) torus knots,
(2q+2,q) torus knots, (2q+4, q) torus knots, and (p,2) torus knots.
In this chapter, I investigate the heptagon formed by tying a (4,3) torus knot,
and the general case of the regular polygon formed by tying the (q+1,q) torus knot with
ribbon. I complete this section by looking at length to width ratio of this family of knots.
Next I focus on the polygons formed by (p,2) torus knots and their length to width ratio.
Then I look at (2q+1,q) torus knots. Lastly, I discuss some torus knots that form evensided polygons.
(q+1,q) Torus Knots
To tie (q+1,q) torus knots with ribbon, I use DeMaranville’s (1999) adaptations for the instructions given by Johnson (1957) for constructing the heptagon (see
Chapter 2). Specifically, the (4, 3) torus knot, which Johnson (1957) shows but does not
identify as such, starts with an overhand knot, or a (3, 2) torus knot (trefoil), with “loose
ends.” Then before tightening, he finishes the (4,3) knot by “[passing] the lead strip under
the knot and back through the center” (p. 17) (Fig 16).
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Fig. 16. Turning a (3,2) torus knot into a (4,3) torus knot.
This adds one more longitudinal crossing (p) and one more meridional crossing (q); joining the ends together creates the (4, 3) torus knot. The above process can be
repeated so that each additional time one “[passes] the lead strip under the knot and back
through the center” (p. 17), p and q are increased by one. This can be generalized to say
that a (q+1,q) torus knot can be tied by first tying a trefoil, then, before tightening, pass
the lead end under the knot, and back through the center, and again under the knot and
back through the center, a total of q-2 times. Tying these (q+1,q) torus knots with ribbons
constructs regular (2q+1)-gons as was shown by DeMaranville (1999) (See Chapter 2).
The (4,3) Torus Knot and the Heptagon
As discussed in Chapter 2, Kauffman (2004) conjectured that the minimum
length to width ratio (Ribbonlength) for a flattened truncated trefoil knot, or a (3, 2) torus
knot, is approximately 5.505. Using similar ideas and some trigonometry, this leads to a
conjecture for the Ribbonlength of a (4, 3) truncated torus knot: If you take a (4,3) torus
knot tied with ribbon, which forms a regular heptagon (Fig 17), and unfold it, the ribbon
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displays a pattern of isosceles trapezoids. This pattern of isosceles trapezoids in the ribbon is created by the folding of the knot (Fig 18).

Fig. 17. A (4,3) torus knot tied with ribbon forms a regular
heptagon.
Note that there are six identical isosceles trapezoids. All have bases d and x (d
being the longer of the two and not equivalent to DeMaranville’s length d) and a width of
w. Also, each has a pair of congruent edges, l (Fig. 18). These edges form the equal sides
of the heptagon. Notice there are 7 edges and 7 sides. The goal is to determine a length to

Fig. 18. The pattern of isosceles trapezoids in a ribbon that has been tied
into a (4,3) torus knot and unfolded.
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Fig. 19. A single trapezoid is placed in the regular heptagon.
width ratio of this strip of paper, and in general, bound the minimal length of ribbon
needed to tie a (4, 3) torus knot when given the width of the ribbon. To accomplish this, it
is important to focus on how a single trapezoid is placed in the heptagon (Fig 19). Note
the location of the trapezoid. By using basic trigonometry,
, all in
terms of l. Figures 20 and 21 give a pictorial explanation.
Finding the Length of x
Analyzing the angles.
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Finding the equation for x.

Finding the Length of d and the Width of the Ribbon (w)
Analyzing the angles.

Finding the equation for d.

Finding the Equation for the Width of the Ribbon (w)

By unfolding the truncated knot, it is possible to get the equation for the full
length of the ribbon (L), measured along its center line, as 3(d+x) (Fig. 22). Substituting
the expressions for d and x:

Simplifying,
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Since

, the length to width ratio is

Fig. 20. Finding the length of x using a trapezoid.
Generalization: The (q+1,q) Torus
Knot and the Regular Polygon
DeMaranville showed that tying a (q+1,q) torus knot forms a regular polygon
with 2q+1 sides. If the knot is truncated, then unfolded this creates a ribbon with 2q
identical isosceles trapezoids. In order to find the length and width of the ribbon for this
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Fig. 21. Finding the length of d and the width of the ribbon (w) using
a trapezoid.
knot, it is necessary to generalize the trapezoids formed from its construction and therefore generalize the equations for d, x, and w. For this first case of the (q+1,q) torus knot, I
will illustrate the proof of these generalizations.
For simplicity in formula manipulation, I use n=2q+1 for the number of sides.
Also, note that this means our regular polygon will always have an odd number n of
sides. The calculation is then based on the following. Recall, DeMaranville (1999)
proved that a (q+1,q) torus knot is “turned into” a [2q+1, q] knotted graph. The knotted
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graph shows the location of identical trapezoids inside the polygon formed. These
identical trapezoids formed have two bases of length d and x, d being the length of the
longest diagonal in the regular polygon, and x being the length of the second longest
diagonal in the polygon.

Fig. 22. Finding the length of the ribbon by using trapezoids and measuring down the
center line.
Theorem
In an odd-sided regular polygon, the length of the longest diagonal (d) is
and the length of the second longest diagonal (x) is

,

where l is the length of a side of the regular polygon and n is the number of sides of the
polygon (i.e., n=2q+1) (Fig. 23). Note: for a (3,2) torus knot, x isn’t the length of a
diagonal, but rather a side of the polygon. In other words, for a (3,2) torus knot x = l
(Fig. 9).
Given. Let n be the number of sides of an odd sided regular polygon (i.e.,
n=2q+1). Let l be the length of one side of the regular polygon. Assume that the regular
polygon is inscribed in a circle with center C and radius r (Fig. 23). Note: The number of
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sides above diagonal length, d is (n-1)/2 and the number of sides below diagonal length, x
is (n-3)/2] (Fig. 23).

Fig. 23. Generalizing a (q+1, q) torus knot and the
regular polygon it forms.
Proof.

JCE = 2π / n, because the polygon in Figure 23 is a regular n-gon.

Since there are (n-1)/2 sides above diagonal length, d,

GCE = [(2π/ n) ((n-1)/2)] =

. Similarly, since there are (n-3)/2 sides below diagonal length, x,

n) ((n-3)/2)] =

FCJ = [(2π/

.

It follows, since triangle GCE is isosceles, that

CGE =

GCE ) / 2] = π / 2n. Similarly, triangle FCJ is isosceles, giving

CEG = [(π CFJ =

CJF = [(π -
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FCJ ) / 2] = 3π / 2n. So, by the Law of Sines,

. Substituting for

Since r =

GCE and

CEG,

.

, by properties of isosceles triangles and trigonometry,

then substituting for r,

But,

=

, so using this to simplify d,

.

Similarly,

.

Continuing,

, but

so,

. Rewriting

trigonometric identity, giving

allows the use of a

.
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The formulas for d and x are now in terms of n and l, the number of sides of
the polygon and the length of the side of the polygon, respectively. In order to compute
the length to width ratio for this general case, the formulas need to be in terms of w (the
width of the ribbon) and q. Since n=2q+1, the only thing left to do is find l in terms of w.
In Appendix A, it is shown l = w sec (π / 4q+2), giving

and

.

(q+1,q) Torus Knots and the Bounds
For Their Ribbonlengths
Recall that a knot projection’s crossing is a place where it crosses itself and
the crossing number, C(K), is the least number of times a knot K crosses itself in any
projection (Adams, 2004). Recall also, the Ribbonlength(K) = minimum L/w ratio for
any way of folding a ribbon to make knot K. This section examines the connection
between the Ribbonlength and the number of crossings of a knot. The conjecture in
Kauffman’s (2005) work is that Ribbonlength(K) is proportional to C(K) such that there
are two constants, c1 and c2 ,giving the inequality:

.

The conjecture for this thesis is that for (q+1,q) knots, Ribbonlength(K) = L/w
ratio when tied so as to form regular polygons. This means that no other tying of a
(q+1,q) torus knot will use a shorter ribbon for the same width. In other words, I conjecture the ribbon used to tie these torus knots so that they form regular polygons is the
shortest possible. Note that the conjecture is only needed to bound c2 , the bound for c1 is
valid in any case. Consider the inequality,

, the
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upper bound for the constant, c1 and lower bound for c2 , can be estimated by calculating
the number of crossings for each knot and dividing into the conjectured Ribbonlength.
Recall that to get the C(K), for K a (p,q) torus knot, take the minimum of (p-1)q and p(q1). In the case of the (q+1,q) knot, (p-1)q = q2 and p(q-1) = q2 -1. So the minimum number of crossings will always be the latter. Also recall,
and

.

Since the unfolded ribbon of a truncated (q+1,q) torus knot has 2q identical
isosceles trapezoids, with bases x and d, the length of that ribbon, L is
. So the length to width ratio (L/w), is

L/w

.

This simplifies to L/w =

(Appendix E). Using this formula to calculate L/w

for some of these (q+1,q) torus knots gives the following results:
L/w of (3,2) torus knot  5.50
L/w of (4,3) torus knot  12.45
L/w of (5,4) torus knot  22.09
L/w of (6,5) torus knot  34.01
L/w of (46,45) torus knot  2623.78
L/w of (69,68) torus knot  5948.68
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L/w of (92,91) torus knot  10600.43
L/w of (115,114) torus knot  16618.28
Since L/w=

is the conjectured Ribbonlength(K) and C(K)=

1, we can show how they give bounds for c1 and c2 (Table 1).
Table 1
Some (q+1,q) Torus Knots and Their Bounds for c1 and c2
(q+1, q)

Crossing # Ribbonlength

(3,2)

3

 5.50

(4,3)

8

 12.45

(5,4)

15

 22.09

(6,5)

24

 34.01

…

…

…

(46,45)

2024

 2623.78

(69, 68)

4623

 5948.68

(92, 91)

8280

 10600.43

(115, 114) 12995

Bounds

…

…

 16618.28

Table 1 illustrates the relationship between the number of crossings and the
Ribbonlength(K); as q increases so do Ribbonlength(K) and C(K). An important observation is that as these values increase the upper bound on c1 appears to approach 1.28.
The lower bound of 1.83 for c2 comes from the (3,2) trefoil knot, the “smallest” (q+1,q)
torus knot.

-
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By taking the limit of length to width ratio(L/w)/C(K) as q goes to infinity, it
will be clear whether it is approaching the 1.28 suggested by the data:

(Appendix H).
Note how close this is to the conjectured 1.28. Since the Ribbonlength is less
than or equal to L/w, this limit of

as q goes to infinity gives an upper bound for c1.

Compare this to the calculation of Kauffman (2004) that gives the upper bound as

; this is not as small as

, but likely still a lower bound for

c2, assuming L/w = R(K). This comes from computing the Ribbonlength over Crossings
for the “smallest” (q+1,q) torus knot, the (3,2) trefoil knot. So the inequality for a (q+1,q)
torus knot is

C(K) Ribbonlength(K)

C(K) for a truncated knot. Recall,

for a closed (q+1,q) knot, there are 2q+1 trapezoids so that L/w =

This gives the inequality,

C(K) Ribbonlength(K)

.

C(K) for a closed knot.

(p,2) Torus Knots
In this section we will investigate (p, 2) torus knots where p7. We assume
p7 because the (3,2) torus knot belongs to the previously discussed (q+1,q) family and
the (5,2) torus knot belongs to the (2q+1,q) family that will be discussed later in this
chapter. Using DeMaranville’s (1999) method of construction, these (p, 2) torus knots
form [p, 2] knotted graphs which become polygons with ‘p’ sides (Fig. 24). Note, unlike
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the previous family of knots which were truncated, these knots are closed when constructed creating ‘p’ congruent isosceles trapezoids. Also, note the “hole” that forms in
the center of these polygons in the shape of a smaller concentric, regular p-gon. Figure 24
illustrates how the unfolded ribbon is segmented into ‘p’ congruent isosceles trapezoids.
For consistency they will be labeled as with the (q+1,q) family with bases ‘d’ and ‘x’,
sides ‘l’, and width ‘w’. Then ,with similar trigonometry to that which was used previously, I get the formulas:

and

. Since the

unfolded ribbon of a (p, 2) torus knot has p identical isosceles trapezoids, with bases x
and d, the length of that ribbon, measured along the center of the ribbon is, L=

. So the length to width ratio, is L/w

Fig. 24. A (7,2) torus knot becomes a [7,2] knotted graph which turns into a regular
heptagon creating seven congruent isosceles trapezoids. Reprinted with permission.
DeMaranville, L. (1999). Construction of polygons by tying knots with ribbons.
Unpublished master’s thesis. California State University, Chico.

.
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This simplifies to,

(Appendix B). So taking the limit of L/w over C(K), or

[L/w]/C(K) as q goes to infinity, we get

infinity(Appendix I). The result of infinity
combined with the “hole” in the construction suggests that this L/w ratio is not the
Ribbonlength for these knots. That is, there is likely another method for tying the (p, 2)
torus knots that will result in a smaller length to width ratio.
(2q+1,q) Torus Knots
This family of torus knots, unlike the previous families, forms “pinwheels”
when tied with ribbon, rather than polygons (Fig. 25) (DeMaranville , 1999). However,
the knots of the form (2q+1,q) where q1 share many properties with the other families.
For instance, when the ribbon is untied it is segmented into congruent isosceles
trapezoids (Fig. 26).

Fig. 25. A (5,2) torus knot tied with ribbon
makes a pinwheel.
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Specifically, as illustrated in Figure 26, the unfolded ribbon is segmented into
‘2q+1’ congruent isosceles trapezoids. This is again, because it is a closed knot. For consistency they will be labeled as with the other families with bases ‘d’ and ‘x’, sides ‘l’,
and width ‘w’. Then with similar trigonometry to that which was used previously I get
formulas:

and

(Appendices C and D). Since the

unfolded ribbon of a (2q+1,q) torus knot has 2q+1 identical isosceles trapezoids, with
bases x and d, the length of that ribbon, measured along the center of the ribbon is, L =
. So the length to width ratio is

L/w

. This simplifies to

. Taking the limit of L/w over C(K), as q goes to infinity, we get

(Appendix J). Like the (p, 2)
family, I anticipate that the Ribbonlength is not found by this construction.

Fig. 26. A picture of the congruent isosceles trapezoids formed by unfolding
the (5,2) torus knot.
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Some Torus Knots That Form
Even-sided Polygons
(2q+2,q) and (2q+4, q) Torus Knots
The regular polygons formed by the previously mentioned (q+1,q) and (p, 2)
torus knots are odd sided. Polygons formed by the torus knots (2q+2,q) and (2q+4, q)
(where q1 and odd) are even sided with 2q+2 and 2q+4 sides, respectively (Fig. 27)
(DeMaranville , 1999). The (2q+2,q) torus knots converge in the center of the polygon
similar to the (2q+1,q) family, but do not have the “pinwheels.” The (2q+4, q) knots are
similar to the (p, 2) examples in that they have a “hole” in the center of their polygons in
the shape of a smaller concentric, regular 2q+4-gon. As with the other families, when the
ribbon is unfolded it is segmented into congruent isosceles trapezoids. There are 2q+2 or
2q+4 of these trapezoids depending on whether it is a (2q+2,q) or (2q+4, q) torus knot,
respectively (Fig. 27).
As with the other families, these trapezoids will be labeled with bases ‘d’ and
‘x’, sides ‘l’, and width ‘w’. Then, with similar trigonometry to that which was used previously, I get formulas for the (2q+2,q) and (2q+4, q) torus knots:
and

, respectively.

and

So, the length of the ribbon L is

, respectively.

and

, respectively. Thus, the length to width ratio is (Appendices F and G).
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Fig. 27. A picture of the (8,3) and (10,3) torus knots tied with ribbon.

L/w

and

L/w=

respectively. These simplify to

and

, respectively

(Appendices F and G). Taking the limit of L/w over C(K) as q goes to infinity, we get
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and

(Appendices K and L).
The construction of the (2q+2,q) torus knots lends itself to the conjecture that
the L/w ratio realizes the Ribbonlength. Whereas, like the (p, 2) torus knots, the “hole” in
the construction of the (2q+4, q) torus knots suggests that this L/w ratio is not the
Ribbonlength for these knots. That is, there exists another method for tying these torus
knots that will result in a smaller length to width ratio.

CHAPTER IV

SUMMARY, CONCLUSIONS, AND QUESTIONS
Summary and Conclusions
This study focused on families of (p,q) torus knots of the form (q+1,q), (p, 2),
(2q+1,q), (2q+2,q), and (2q+4, q). In the end an interesting pattern for their L/w ratios
was found and, although it is unlikely that all the knots’ Ribbonlengths are provided by
these L/w ratios, the beauty in the symmetry of all the equations makes them seem
relevant.
For the (q+1,q) truncated torus knots the L/w ratio is

the closed (q+1,q) torus knots have an L/w ratio of

for both of these ratios divided by the crossing number is

are obtained with the trefoil knot (3, 2),

. Similarly,

. The limit as q

. The largest values for

and

for the

truncated and closed knot respectively.
The (p, 2) torus knots have an L/w ratio of

. The limit as p of this

ratio divided by the crossing number is infinity. This further suggests that this
configuration doesn’t give the Ribbonlength for these knots. The smallest value for
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for the (p, 2) family is obtained with the (7, 2) knot, since we assumed p7. This

value is

.

For the (2q+1,q) family the L/w ratio is

(or

The limit as q of this ratio divided by the crossing number is

).

. The largest value of

, is obtained with the (5, 2) torus knot.

The (2q+2,q) and (2q+4, q) torus knots have L/w ratios of

and

, respectively. Simplified, the L/w ratio for both is

limit as q of this ratio divided by the crossing number is

. The

for both. The largest

value for the (2q+2,q) knots is obtained with the (8, 3) knot, which gives

.

For the (2q+4, q) torus knots the largest value is obtained with the (10, 3) knot, which
gives

.
In summary, the L/w ratios provided give an upper bound for the

Ribbonlength of each knot. Comparing these with the crossing number results in an upper
bound for c1 in the inequality,
c1

. For closed knots,

as a result of the (2q+2,q) and (2q+4, q) torus knots. The best bound for truncated
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knots is, c1

given by the (q+1,q) torus knots. The only bound for c2 found in this

paper is that resulting from the (q+1,q) and (2q+2,q) families. This thesis conjectures that
L/w realizes the Ribbonlength for these cases. Then the (3,2) trefoil in this group gives
us, c2

and c2

for truncated and closed knots, respectively. The

(2q+2,q) knots are closed and the “smallest” of these, (8,3) gives a smaller bound on c2 .
Note that Kauffman’s (2005) work suggests c2

which is an improvement on

using a truncated figure 8 knot,

for the truncated trefoil.

Questions
In this section I provide a list of questions that this thesis leaves unanswered or
unexplored. This is where this research leaves off and where someone else could pick up.
1. This thesis has given evidence that the Ribbonlength for the closed and truncated
(q+1,q) torus knot is

and

, respectively. However, it has

not been proven; a mathematical proof is needed, as the Ribbonlengths of
and

conjectured

remain strictly a conjecture. Similarly we have only

as the Ribbonlength of (2q+2,q) torus knots. A proof is

needed.
2. Torus knots of the families (q+1,q); (p,2); (2q+1,q); (2q+2,q); and (2q+4,q) have
been discussed and explored in this thesis but there are many more torus knots that have
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yet to be. Some of them are the (q+, q) families of torus knots, where  and  are
integers greater than one. In this paper, we have discussed =1, =1; =2, =1;
=2, =2; =2, =4, but what about other choices for  and ?
3. In addition to the diagrams used in this paper, Johnson’s 1957 book, “Paper Folding for the Mathematic Class,” provides three diagrams that use torus links (or two strips
of ribbon). These links when folded in the way Johnson describes construct a square,
hexagon, and octagon. In her thesis, DeMaranville (1999) shows how the torus knots
realize the regular pentagon as well as all regular polygons of 7 or more sides. It would
be interesting to see what shapes can be formed by torus links, as well as seeing what can
be said about their Ribbonlengths.
4. This thesis discusses and explores torus knots tied with ribbon, and although the
torus knot is a convenient knot to study because of the ease of drawing diagrams and
such, there are many more knots in existence.
5. Exploring other knots tied with ribbon may prove to be crucial in such realms
like DNA research. In particular DNA’s double helix consists of two strands bound
together by connections between opposite base pairs. This makes it like a spiraling rope
ladder and suggests a ribbon twisted in a spiral. This is only one example of ribbon-like
structures in biology.
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APPENDIX A

(q+1, q) PROOF FOR l IN TERMS OF w
Theorem: The length of the side of the regular polygon of 2q+1 sides formed from a
(q+1, q) torus knot is

.

Given: The diagram below. Also a (q+1, q) torus knot forms a 2q+1 sided regular
polygon (DeMaranville, 1999).

46

47
Since the above is a regular polygon then GCF

FGC

, GCE

CGE

,

, and

.

FGE=FGC+CGE=

In summary, FGE=
Using trigonometry, sin(FGE)=
cofunction identity gives,



so

. Simplifying using a

APPENDIX B

(p, 2) PROOFS FOR d,x,l, AND L/w

Theorem: The length of ribbon (L), needed to tie a (p,2) torus knot is

, where w

is the width of the ribbon.
Given: The (p, 2) torus knot forms a regular polygon as in the following diagram
(DeMaranville, 1999).

Proof: The length of the ribbon, measured along its center line, needed to tie a (p, 2) torus
knot is equal to the number of trapezoids multiplied by the two bases added together,
divided by two. In other words, the

.

Let n be the number of sides of the regular polygon, x be the shorter of the two bases, and
d the longer of the two bases. (Note for the (p, 2) family, n = p, and x = l.)
49
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Using these equations for d,x, and l, the length of the ribbon can be written,

APPENDIX C

(2q+1, q) PROOF FOR REGULARITY

We will show that the 2q+1 outer edges of the (2q+1, q) pinwheel are alternate sides of a
regular 2p-gon where p = 2q+1.

Specifically, we’ll show each outer edge (e.g.

in the figure) subtends a central angle

and that the central angles between neighboring outer edges (e.g.

) are also

.
We construct a pinwheel using p points equally distributed on a circle. The figure
illustrates the case p=5. As in the figure M, N,C, and D will be four of the p points and O
is the circle’s center. Since, the p points are equally distributed, the central angle, COD
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is

and so the inscribed angle, CMD, is

(Recall, an inscribed angle is half its

corresponding central angle.)
Let

denote

, so that

.

Since the sides of the ribbon are parallel to the center line, OEMF is a parallelogram with
points M and O at opposite vertices making BOA also equal to
By SSS, OCM is congruent to ODM. Then
corresponding parts. So,

bisects

because of
since point E lies on

point F lies on

. Then by properties of a parallelogram

point E lies on

and point F lies on

and
Subtracting

, then

bisects this angle. Now, like
and

, which are both

bisects

also bisects
,
, we have

and
. Since

. Similarly,
is also

.
, as required.
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APPENDIX D

(2q+1, q) PROOFS FOR d,x,l, AND L
Theorem: The length of ribbon (L), needed to tie a (2q+1, q) torus knot
is

, where w is the width of the ribbon.

Given: The 2q+1 outer edges of the pinwheel formed by a (2q+1, q) torus knot define a
regular (4q+2)-gon. (Appendix C) The following diagram shows one isosceles trapezoid
of the pinwheel and an inscribed circle of the (4q+2)-gon.

Proof: The length of the ribbon, measured along its center line, needed to tie a (2q+1, q)
torus knot is equal to the number of trapezoids multiplied by the two bases added
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together, divided by two. In other words,
.
Let x be the shorter of the two bases, and d the longer of the two bases. (Note for the
(2q+1, q) family, p=2q+1.)

Using the measure of these angles and simple trigonometry,

The Law of Sines gives,

Solving for d and substituting gives:

Similarly,
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Solving for x and substituting gives:

In summary,

.

Using these equations for d,x, and l, the length of the ribbon can be written,

APPENDIX E

(q+1, q) PROOF FOR L/w
Theorem: The length of ribbon (L), needed to tie a truncated (q+1, q) torus knot
is

, where w is the width of the ribbon.

Given:

and

,

and n=2q+1.
Proof: The length of the ribbon, measured along its center line, needed to tie a truncated
(q+1, q) torus knot is equal to the number of trapezoids multiplied by the two bases added
together, divided by two. In other words,

.

Let x be the shorter of the two bases, and d the longer of the two bases.
Then the length of the ribbon =

=

=
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APPENDIX F

(2q+2, q) PROOF FOR d,x,l, AND L
Theorem: The length of ribbon (L), needed to tie a (2q+2, q) torus knot
is

, where w is the width of the ribbon.

Given: When tied with ribbon, the (2q+2, q) torus know forms a regular (2q+2)-gon as
shown (DeMaranville, 1999):

Proof: The length of the ribbon, measured along its center line, needed to tie a (2q+2, q)
torus knot is equal to the number of trapezoids multiplied by the two bases added
together, divided by two. In other words,
.
62

63
Let x be the shorter of the two bases, and d the longer of the two bases. (Note for the
(2q+2, q) family, p=2q+2.)

Then

So,
Also,

Substituting for l gives
To find x, we use:

Then the length of the ribbon is equal to

.

APPENDIX G

(2q+4, q) PROOF FOR d,x,l, AND L
Theorem: The length of ribbon (L), needed to tie a (2q+4, q) torus knot
is

, where w is the width of the ribbon.

Given: When tied with ribbon, the (2q+4, q) torus knot forms a regular (2q+4)-gon as
shown (DeMaranville, 1999).

Proof: The length of the ribbon, measured along its center line, needed to tie a (2q+4, q)
torus knot is equal to the number of trapezoids multiplied by the two bases added
together, divided by two. In other words,
.
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Let x be the shorter of the two bases, and d the longer of the two bases. (Note for the
(2q+4, q) family, p=2q+4.)

Then

and

.

Also,

. Since

then

. In addition,
Note that

and since

substitution

This gives
Using the Law of Sines to find z:

then
. So

Substituting the values for  and ,

.

.
. By
, giving

.
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Using the Law of Sines to find x:

Using the Law of Sines to find d:

Finding l in terms of w:

Since the length of the ribbon is

, by substituting in all of the values,
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In conclusion the length of the ribbon for a (2q+4, q) torus knot is

.

APPENDIX H

(q+1, q) LIMIT EVALUATION OF
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APPENDIX I

(p, 2) LIMIT EVALUATION OF
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APPENDIX J

(2q+1, q) LIMIT EVALUATION OF
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APPENDIX K

(2q+2, q) LIMIT EVALUATION OF
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APPENDIX L

(2q+4, q) LIMIT EVALUATION OF
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